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THE LOCAL DIMENSIONS OF THE
BERNOULLI CONVOLUTION ASSOCIATED WITH
THE GOLDEN NUMBER

TIAN-YOU HU

ABSTRACT. Let X1, X2,... beasequence of i.i.d. random variables each taking
values of 1 and —1 with equal probability. For 1/2 < p < 1 satisfying the
equation 1 — p — -+ — p% = 0, let u be the probability measure induced by

S =392, p*X;. For any z in the range of S, let
d(p, z) = lim+ log u([x — ryz +7])/logr
r—0

be the local dimension of p at  whenever the limit exists. We prove that

. log 2 log é log 2

ot = — and i = — — s

log p slogp logp
where § = (v/5 — 1)/2, are respectively the maximum and minimum values
of the local dimensions. If s = 2, then p is the golden number, and the

approximate numerical values are a* ~ 1.4404 and as =~ 0.9404.

1. INTRODUCTION

Let X1, X5,... be a sequence of i.i.d. random variables which take values 1 and
—1 with equal probability. For 0 < p < 1, let u be the infinitely convolved Bernoulli
measure induced by

i=1

The measure p has been studied for over half a century but is only partially un-
derstood today. It follows from a theorem of Jessen and Wintner [JW] that p is
either absolutely continuous or purely singular. Erdos proved that u is absolutely
continuous for almost all p close enough to one [E]. He conjectured that the result
should be true for almost all 1/2 < p < 1. Solomyak [So] has recently proved this
conjecture to be true. In spite of this, the only explicit values of p for which p
is known to be absolutely continuous are p = 2~/ n = 1,2,..., and a family
of algebraic numbers discovered by A. Garsia [G]. On the other hand, if p=! is a
Pisot-Vijayaraghavan (PV)-number (recall that an algebraic integer o > 1 is called
a PV-number if all its conjugates are in absolute value less than one), then p is
purely singular, and the numbers of this class are the only numbers (for p > 1/2)
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for which p is known to be purely singular. Examples of such p are the roots of the
polynomials

(1.1) l—z—2%>—- —2°

s = 2,3,.... The smallest PV-number is the positive root of 23 — z — 1 with
p~1 ~ 1.324718 (p =~ 0.7548777) [Si]. The reader may refer to [Sa, BDGPS] for
further information regarding the properties and applications of the PV-numbers.

The type of the measure p will affect the Hausdorff dimension of the graph of
S when X;’s are the Rademacher functions on [0, 1]. If u is absolutely continuous
with du/dz in LP for some p > 1, then the Hausdorff dimension of the graph of S
is 24 }g% [HL1, PU] and the Hausdorff dimension of the level set is 1+ }ggg a.e.
[HL2]. If p~! is a PV-number, then the Hausdorff dimension of the graph is strictly
less than 2 + }2—‘-;5 [PUI.

The degree of singularity of i can be analyzed on a pointwise basis by studying its
local dimensions and on an average by studying its entropy, information dimension,

Hausdorff dimension or LP-dimension. The wupper local dimension of p at z is
defined by

where I(z,r) is the closed interval [z —r, x4 r|. Similarly the lower local dimension
d(u, ) is defined by using the lower limit. When d(u,z) = d(u,z), the common
value is called the local dimension of p at x and is denoted by d(u, x).
Note that p is a self-similar measure satisfying the equation
p=spow + fpowy,

where wi(z) = pzr and we(x) = pz + (1 — p) [L1, Theorem 4.3]. For 0 < p < 1/2,
w is a singular Cantor-type measure satisfying the measure separation (i.e., the
measures [t O wy Land po Wy 1 are mutually singular) and the open set condition,
so complete results on the local dimensions are known [GH]. If 1/2 < p < 1, then
1 does not satisfy either of the two separation conditions, so no previous result is
available on the local dimensions.

Recently, several authors [AY, AZ, LP] have studied the entropy and the infor-
mation dimension of x. For p = (v/5 — 1)/2, a rigorous estimate for the entropy of
w1 has been obtained [AZ], which agrees with [AY] numerical calculations; also an
explicit theoretical formula for the information dimension and Hausdorff dimension
of 11 has been obtained [LP].

Lau [L1, L2] has succeeded in calculating the L2-dimension of u for which p~
is in the class of F-numbers including all PV-numbers. Recall [St] that the LP-
dimension of p is defined by

1

Ay
dim, (1) = lim logsup - ; u(A;)
r—ot  (p—1)logr
provided the limit exists, where the supremum is over all partitions of R into sets
Aj of diameter < r. In particular, if p is the golden number, then the L2-dimension
is @ = 0.9923995---; this number is given by the equation (4p%)% — 2(4p*)? —
2(4p™) + 2 = 0 [L1]. This result has now been generalized in a more recent joint
work of Lau and Ngai [LN1, LN2], where the LP-dimension of p, for every integer
p > 1, is calculated and the multifractal structure of u is analyzed.
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In this paper we will give a detailed study of the local dimensions of p for
p = (v/5—1)/2. The results can be easily generalized to the case in which p is a root
of (1.1). To find the extreme values of the local dimensions, we actually go through
the computation for the a-density of u. Recall [F] that the a-upper and the a-lower
density of p at 2 are defined by lim , g+ p(I(,))/r® and lim , o+ pu(I(x, 7)) /7%,
respectively. If both limits are positive, it is clear that d(u,x) = a. The converse,
however, is not true.

For 1/2 < p < 1, the range of S is the interval [—¢,¢], where £ = > 2 p' =
p/(1 —p). For z = Y2, &;p" for some sequence € = (e1,€2,...) € {—1,1}*, let
E(z) be the set consisting of all points in [—¢, ] having the same “tail coefficients
i, for i > N” as x. More precisely, let

(1.2) E(z) = U {£p"x + ani: To=0and 1; =+1fori=1,2,...,n}.
n=0 i=0

Obviously, +z € E(z) and E(z) is dense in [—¢, £]. The main results we will prove
are the following:

Theorem A. (i) Let 1/2 < p < 1. Then o* = —% is the mazimum value of
d(p, ) for all x € [—¢,€]; furthermore,

0< lim p(I()/r™ < Tm p(I(z, )/ < oo
r—0t r—0*
for z=1 (or —0).
(ii) If p is a root of (1.1), then v, = —% — %, where § = (v/5 —1)/2, is
the minimum value of d(p, x) for all x € [—£,£]; furthermore,

0< lim p(I(z7)/r™ < T Iz 1)/r < oo

r—0+

for every point z in the dense subset E((p* T2+ p*T3+- -+ p?%) /(1 —p**)) of [-£, 1].

Theorem B. Suppose that p is a root of (1.1). Then

(i) For every a. < a < o, there exists a point z(«) such that d(u,z) = « for
every point z in the dense subset E(z(a)) of [—¢,£];

(ii) for any a. < a1 < ag < a*, there exists a point z(aq, az) such that d(u, z) <
a1 < ag < d(p, 2) for every point z in the dense subset E(z(a1,az)) of [—£, ).

Observe that for roots of (1.1), p — 1/2 from above as s — oo. So both
a* and a, approach 1. Also p is uniformly distributed for p = 1/2; in this case,
d(p, ) =1 for every z € [—£,{]. If s = 2, then p = (v/5—1)/2, and the approximate
numerical values are o ~ 1.4404 and a,. ~ 0.9404. The picture of the measure p
associated with p = (v/5—1)/2 is shown in Figure 1. The horizontal axis represents
the support of the measure. The vertical axis depicts the weight of the measure
over small intervals divided by the length of the interval. The minimum value of
d(p, ) occurs at every point in the dense subset E(p/(1 — p*)). The two points
+2 = 4p*/(1 — p*) have been indicated in the figure.

The ideas for the proofs of Theorems A and B are as follows. Let u, be the
probability measure induced by the partial sum

i=1
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FIGURE 1. A histogram of the Bernoulli measure associated with
the golden number p = (v/5 — 1)/2. The minimum value of the
local dimensions occurs at +z. The maximum value of the local
dimensions occurs at £/.

For any value v of S, let

(v) = {(51, cooEn) €{-1,1}"™: Zaipi = v} ,
i=1
and let #(v) be the cardinality of (v). Since the X;’s are independent, we have

(1.3) pn({v}) = 27" #(v).

For any x € [—/(, (], we have x = Y .=, &;p' for some sequence € = (£1,2,...) €
{=1,1}* (in general this representation is not unique for 1/2 < p < 1). Let
T, = Y i, p" be the nth partial sum. Under some conditions, u(I(z,r)) can be
estimated by using p,({zn}) = 27"#(z,). Thus the key is to determine the rate
of growth of #(z,,).

Observe that if (7,...,7,) and (wi,...,w,) are two points in (x,), then
S (1 —w;)p® = 0. Hence we introduce the notion of a zero element. For each n,
let

Zn = {(0'17' "7041) € {—1,0,1}”2 Z(I,ipi = O} .

i=1

Members of Z, are called zero elements (of length n). For the coefficients ™ =
(€1y...,en) of zp, let pp, = #{(a1,...,an) € Zpn: a; =¢; for i = 1,...,n for which
a; # 0}, i.e., p, is the cardinality of the subset of Z, consisting of those zero
elements contained in e™. It can be shown that p, = #{xn). To calculate this
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number, we decompose a zero element into a direct sum of atoms (defined in §3),
and derive a recurrence equation for computing p,, based on some atoms contained
in e, Tt is an interesting discovery that for the points where the minimum value
of the local dimension occurs, the rate of growth of p,, is comparable to that of the
Fibonacci sequence.

The paper is organized as follows: In §2 we derive some general lemmas which will
reduce the computation for d(u, z) to the computation of #(xz,). Part (i) of Theo-
rem A (Theorem 2.3) is also proved in this section. In §3, we study the structure
of zero elements and give decomposition theorems for zero elements (Theorems 3.2,
3.7) and a recurrence equation for computing p,, (Lemma 3.5). In particular, when
pisaroot of (1.1), concrete forms of zero elements are given. Part (ii) of Theorem A
and Theorem B are the main theorems of the paper. By using the ideas described
above, proofs of these theorems will be established in §4 and §5 respectively.

Throughout we will use the notations introduced in §1. We will use &;, 7, w;, . . .
to denote variables taking values in {1, —1}, and a;, b;,¢;, ... to denote variables
taking values in {1,0,—1}. In particular, if z € [—/,{] is associated with some
series representation, then x,, will mean the nth partial sum with respect to this
representation.

2. SOME LEMMAS

Lemma 2.1. Let 0 < p < 1. For any o > 0 and for any x € [—£, (],
(1) lim, o+ pu(I(z,7))/r* > 0 if and only if Um oo pin (I (z, (1 +£)p™))/p"™* > 0;

(ii) ﬁ_nmdrﬁmu(l(x,r))/ro‘ < o0 if and only if im oo pin (I(z, (1 4 £)p™))/p"® <

00.

Proof. Since |S,, — S| < p"*1 4 p"*2 4 ... = £p", we have
pn(I(z, (L +£)p")) = Prob(zx — (1 +£)p" < Sp, < x+ (1 +£)p"™)

(2.1) < Prob(x — (1 +0)p" —lp" < S<z+ (1+L£)p" +£p")

= (I, (1+20™).
Similarly
(2.2 BTG, ) < (T, (1 4+ 0)p")).

For any 7 > 0, there exists some n such that (1 +2£)p" < r < (1 +2£)p"~!. Using
(2.1) we have

plI (7)) /r = p(I (2, (1 +20)p™) /[(1 +20)p" 7% > pa(I(z, (1 + €)p"))/Cp"™,
where C = [(1 4 20)/p]* > 0. So lIm p—ootin(I(x, (1 + £)p™))/p™ > 0 implies
lim, g+pu(I(z,r))/r* > 0. The converse can be proved similarly by using (2.2).
Therefore (i) is true. The proof for (ii) is similar. O

We omit the simple proof for the following lemma.

Lemma 2.2. Let 0 < p < 1. For any x € [—{,{], then

= — 1 n I s 1 v . 1 n I , n
A, z) = Tm 2B (I(z, (1 +£)p")) and d(u. ) = lm 12B% (I(z, (1 +0)p™)
oo nlogp n—00 nlogp

According to Lemma 2.2, the maximum (minimum) value of the local dimension
will occur at a point x where p, (I(z, (1+£)p™)) has a minimum (maximum) value.
The first case occurs when z is one of the end points of [—£, £].
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Theorem 2.3. Let 0 < p < 1. Then o* = —iggi is the mazimum value of d(ju, )
for all x. Furthermore,

0< lim pu(I(zr)/r* < @+,u(l(z,r))/r°‘* <oo forz=1L (or —0).

r—0+

Proof. Let x € [—£,{] be any point. Since x,, € I(z, (14 £)p™) for all series repre-
sentations of z and for all n, by (1.3) we have

(2.3) pn(L(z, (1 +0)p")) = pn({zn}) = 27" #(zn).

Hence from Lemma 2.2 we deduce that

- — log2™"
d(p, x) < lim 8 =a".
n—oo nlogp

Now let z = £ = Y72, p'. Then z, = Y ., p' is the maximum value of S,, and
clearly #(z,) = 1. The one immediately smaller than z, is 2/ = (3.7 pi) — p"
and z — 2 = (24 £)p"™. So I(z, (14 £)p™) contains exactly one value of S,,, namely
Zn, for all n. Therefore

pn(1(z, (L4 0)p") = 27" (z0) = 27" and  pn(I(z, (14 £)p™))/p"* =1

for all n. So the second statement of the theorem follows from Lemma 2.1 O

The key idea used in the proof is that p,(I(z, (1 + £)p™)) can be estimated by
27"#(z,); thus d(p, 2) can be computed by

i 08(27"#(z)) _  log2
n—o0 nlogp log p

In the following we will impose some conditions on S so that this idea will be still
valid for computing the local dimension of y at other points.

S is said to satisfy condition A if there is a constant C such that for any n, every
interval of length p™ contains at most C' distinct values of S,,. It is known that
if p=1 is a PV-number, then S satisfies condition A ([G], Lemma 1.51). Let x be
associated with a series representation. By definition, either x, 11 = 2, — p"*! or
Tptl = T + p" 1. In either case, there is a fixed €nt+1 = 1 (or —1) such that for
every (€1,...,&pn) € (), we have (€1,...,6pn,8n+1) € (Tny1). SO

(2.4) #(Tnt1) > #{(Tn).

For any n, let V,, be the set consisting of all distinct values of S,,.

Lemma 2.4. Let 0 < p < 1. Suppose that S satisfies condition A. Assume that
there exist a series representation z =y .o, e:p', a constant C and a sequence of
positive integers n1 < ng < --- with the following three properties:
(i) ng —ng—1 < C for all k;
(i) C#(zn,) = #(v) for all k and for allv € V,,, ; and
(iii) 0 < Hm pooo#(Zn, )/ (20%)™ < M koo F(2n, )/ (207 )™ < o0, for some
a, > 0.
Then
(a) o = limg—.c (log #(2n, ) /nx log p) — log 2/ log p;
(b) 0 < lim, o+p(I(z,7))/r* < lm, o+p(I(z,7))/r* < oo, hence d(p,z) =
Q5 and
(¢) au is the minimum value of d(u, ) for all .
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Proof. By property (iii), for all large k, we have
0< N < #(zn,)/(2p% )™ < M < 0.
By taking the logarithm, followed by dividing by ng log p on both sides, we obtain

log N - log #(zn,) log2 N log M
ng log p ng log p log p 7 nplogp

Thus (a) follows by letting k — oo.
Now for any integer n, there exists k such that ni_; < n < ng. Using (1.3) and
condition A, we obtain

pn(I(z, (1 4+ 0p™) = 27" {#(w): v e I(z,(1+0)p") NV, }
< Ci27"max{#w): v e I(z, (1 +0)p") NV, }
(2.5) < C12 " max{#(w): v eV, } (by (2.4))
< Co27 M (2, )2 " (by property (ii))
< 327" 4 (2, (by property (i)).

Similarly, by using (2.3), we have

(2.
pin(1(z, (L+0)p")) = 27" #(2) > Ca27 "™ (2, )
Applying property (i
Cottlm )/ 20 )™ < (I (2, (1 + £)p") /67" < Cotlom, )/ (207 )™

The constants C;, for ¢ = 1,...,6, are independent of n. So (b) follows from this
estimate, property (iii) and Lemma 2.1. To show (c), for any z € [—¢,¢] and for
any n, in a manner similar to (2.5), we have for n < ny

pn(I(z, (L+£)p")) < C327"#(zn,) < Capn, (1(2, (1 +)p")).
Hence Lemma 2.2 implies d(p, ) > d(u, 2) = . |

) again, we obtain

An immediate application of Lemma 2.4 is the following computation of the
a-density of p for 0 < p < 1/2. This result was previously known.

Corollary 2.5. Let 0 < p < 1/2, and let o = —}%g—i, Then for every value z

of S, we have 0 < lim, o+ pu(I(2z,7))/r® < lim,_g+u(I(2,7))/r™ < oo; hence
d(u,z) = a.

Proof. For 0 < p < 1/2, it is easy to verify that there is a constant C' > 0 such that
|v— | > Cp™ for all n and for all v, v in V,,. Therefore S satisfies condition A.
Let z be any value of S with a series representation. Then #(z,) = 1 for all
n. It follows that #(z,)/(2p*)™ = 1 for all n. Thus z and the integer sequence
1,2,... satisfy (i), (ii) and (iii) in Lemma 2.4, so 0 < lim,_g+pu(I(z,7))/r® <
lim , o pu(I(z,7)) /" < c0. O

For 1/2 < p < 1, in order to calculate the local dimension at any point, we impose
another condition on S. Let z,(1) < 2,(2) < -+ < x,(iy), where 1 < 4, < 2™
be all distinct values of S,,. S is said to satisfy condition B if there is a sequence
01,02, ... with lim,_,.(log#,/n) = 0 such that 1/60,, < #(x,(j + 1))/#(xa(j)) <
0, for all n and for all 1 < j < .
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Lemma 2.6. Let 1/2 < p < 1. If S satisfies both condition A and condition B,
then for any x € [—¢, €] and for any series representation x = .o, ;p', we have
- — log#(z,) log2 log #(zn) log2

d = i d d =1l .
(1 ) ngnoo nlogp log p and - d(p, ) nl_,_moo nlogp log p

Proof. We first prove that the lower and upper limits in the lemma are independent
of the representation of z. Let z = ) .2, £;p' be another representation and let
xl, =31  elp’. Since both z, and ), are contained in I(z, (1+£)p™), by condition
A, there are at most 2C(1 + ¢) distinct values of S,, between z,, and z},, where C
is the constant in condition A. By applying condition B to these distinct values

successively on every two consecutive ones, we obtain
1/(00)2 000 < () [#(wa) < (00)*C0H0.

By using lim,_,« (log8,/n) = 0, we see that both log #(z!)/n and log #(x,)/n
have the same lower and upper limits.

We only prove the first formula; the proof for the second one is the same. Let
v e I(x,(14£)p™) NV, be such that #(v) = max{#(£): £ € I(z,(1+£)p™) NV, }.
By condition A, we have

pn(L(z, (1 +£)p")) < 2C(1+ £)27"#(v).

By using Lemma 2.2 and noting that both log #(v)/n and log #(x,)/n have the
same lower and upper limits, we deduce that

A z) > Tm log(2C(1 + £)27"#(v))
n—oo nlogp

— log#{x,) log2
= lim — .
n—oo mnlogp log p

The reverse inequality can be proved by applying (2.3) and a similar argument. [

Corollary 2.7. Let 1/2 < p < 1. Suppose that S satisfies both condition A and
condition B. Assume that a series representation x =Y .- €;p" and a sequence of
positive integers ny < ng < --- exist such that

(i) limg— oo i /Ni—1 = 1; and

(ii) limg— o0 (log #(xn, ) /nk) = « exists.
Then d(p, x) exists and d(u,x) = (a — log 2)/ log p.

Proof. By Lemma 2.6, it suffices to show that the assumptions imply
lim (log #{z,)/n) = a.
n—oo

For any integer n, let ni_; < n < ng. Since #(x,,) is increasing, we have

log #{zn) _ log#(xn,) _ [log #(n,)]/ 1k

n T g Ng—1/nk

and

10g#<xn> > [IOg#<xnk71>]/nk—1'

n - /N1

Passing to the limit and using (i) and (ii), we obtain lim, o (log #{(z,)/n) = «. O
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We will show next that if p is a root of (1.1), then S satisfies both condition A
and condition B. Thus all lemmas in this section will apply.

As before, x,(1) < 2,(2) < -+ < x,(i,) will denote all distinct values of S,,.
Let 6(S,) = min{z,(j) —2n(j —1): 2 < j <in}.

Lemma 2.8. Let 1/2 < p < 1. If §(S,) > 2p"™ "L for all n, then S satisfies both
condition A and condition B.

Proof. Clearly the assumption implies that S satisfies condition A. To show that S
also satisfies condition B, we will show by induction that

(2.6) 1/n<#{x,(j+1))/#{x,(5)) <n, forallnand for all 1 < j < iy.

For n =1, —p and p are the only two values of S1, so (2.6) is clearly true. Suppose
that (2.6) is true for n = k. Let x41(i) be any value of Sky1 (without loss of
generality, we may assume that it is not one of the two extreme values). Then
T1(i) € [zr(4), 21 (5 + 1)) for some 1 < j < . The assumption §(Sy) > 2pF+!
implies that either x4 1(i) = zx(j + 1) — p* or xp41(7) = zx(4) + p**1. Since
for either case the proof is the same, we assume that z511(7) = zx(j + 1) — pF+L.
Obviously if 1, (j+1) —zx(§) = 2p**?, then z441 (i) also equals 1 (j)+p* L. In any
case we have #(zr11(1)) < #(xk(5))+#(zk (j+1)) and g1 (i+1) = 2k (j+1)+pF
(also zpr1(i 4+ 1) = zx(§ +2) — pPLif 24 (5 + 2) — 21(5 + 1) = 2p*+1). By the
induction hypothesis for n = k we get

e (@) # () + # (G + 1))

Flami+) > #aGrn) o !
and
e (D) o #(xk(j +1)) 51
o1+ 1) ~ #ae(+ 1) +#@e(+2) ~ k+1
Hence (2.6) is true for n =k + 1. O

Proposition 2.9. If p is a root of (1.1), then S satisfies both condition A and
condition B.

Proof. We will prove the following claim.

Claim. For any n and for any 1 < j < i,, there is some 0 < m < s — 1 such that
20lj +1) = () = 2" (L= p— g = = ™).
Since 1 — p— p? — -+ — p® =0, the claim implies that

2.7) (1) = @) = 20" (" 4 T %) > 29"

Thus the proposition follows from this and Lemma 2.8. The claim can be proved
by induction. For n = 1, S; has only two values p and —p. Hence the claim is true
with m = 0. Suppose that it is true for n = k. Let zx11(7) be any value of Sky;.
As before, assume that xx4+1(7) € [zx(j), 2k (j + 1)) for some j. By the induction
assumption and by (2.7) we have §(Sy) > 2p**1. Thus we can further assume that
T11(i) = 2k () + pFTL. This implies that

a(j+1) =" i x4+ 1) — ae(f) >
ap(j+ 1)+ oM i a4+ 1) —a(f) =

T (i +1) = {
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Accordingly
g1 (i + 1) — 21 (4)

(2.8) @G L) —ak(G) — 208 i k(i 4 1) — ak(h) > 20",
20F L i mp (5 4 1) — a2 (5) = 208 L.

From (2.7) we see that zx(j + 1) — zx(j) = 2p**! if and only if m = s — 1 (or
equivalently, 2 (j + 1) — z1(j) = 2p* "™ (1 —p — --- — p™) > 2p**L if and only if
0 <m < s—2). So there is some 0 < m < s — 2 such that the first case of (2.8)
equals

oe(f+1) —ar(f) — 205 =205 (1 —p— - = p™) = p"
(2.9) - Qp(k+1)—(m+1)(1 —p— e — ™
=201 p— o ),

where ¢ = m + 1. Hence 1 < ¢ < s — 1. The second case of (2.8) is obtained by
setting ¢ = 0 in (2.9). So the claim is true. |

3. THE ZERO ELEMENTS

For 1/2 < p < 1, let Z, be the set of zero elements as defined in §1. Clearly
Z,, # @ for every n since it contains the zero element for which a; = 0 for all 4,
which is called the unit zero. For any fixed b = (by,...,b,) € {—1,0,1}", we say
that b contains a zero element a = (ay,...,ay) (or a is a zero element of b) if

(3.1) a; = b;, for all 4 for which a; # 0.

We agree that any such b contains the unit zero. For example, if p satisfies 1 —
p—p?=0andifb=(1,-1,-1,1,1), then b contains the following three zero
elements: The unit zero, (1,—1,—1,0,0) and (0,0,—1,1,1). We use Z,(b) and
#7Z,(b) to denote the set consisting of all zero elements of b and its cardinality,
respectively. A zero element a € Z,, is called an atom if a contains no zero element
other than the unit zero and itself.

Lemma 3.1. Let 1/2 < p < 1 and let x € [—£,¢]. Then for any fized series
representation x =y oo, €;p', for any n and for any T™ € (x,,), we have #(x,) =
#7., (™). In particular, every member in (x,) contains the same number of zero
elements.

Proof. Let 7(® = (T1,...,7n), where 7, = %1, be an arbitrary fixed member in
(z,). Define a mapping f = frm): (2,) — Z,(T7™) by the following process: For
any w® = (Wi, ..., ,wp) € (x,), where w; = +1, we have

0= ZTipi — Zwipi = 2Zaipi,
i=1 i=1 i=1
where

0, if T = Wi,
(32) ai:(Ti—wi)/QZ 1, ifn;éwi and Tizl,
-1, if #w; and 7, = —1.
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It follows that a; = 7; whenever a; # 0. By (3.1), (a1,...,ay) is a zero element of
7). Define f(w™) = (ay,...,an,). By using (3.2), a routine check reveals that f
is one-to-one and hence the lemma follows. O

Two zero elements a = (ay,...,a,) and b = (by,...,b,) in Z, is said to be

mutually disjoint if b; = 0 whenever a; # 0 (or equivalently a; = 0 whenever
b; #0) for i =1,...,n. If a and b are mutually disjoint, we see that ¢ = (a1 +
bi,...,a, + by) is also a zero element, and c is called a direct sum of a and b,
denoted by c=a@b. Clearlya®& b =b & a.

Theorem 3.2. Let 1/2 < p < 1, then a is a zero element in Z, if and only if
a=a; ®azx®- - Dag for some pairwise mutually disjoint atoms ay,as,...,ax,
where k > 1.

Proof. The proof for the “if” part is trivial, so we show only the “only if” part.
Let a = (a1,...,a,) be a zero element. Without loss of generality, assume that
a contains a nontrivial zero element a;. We can actually assume that a; is already
an atom, for otherwise we may apply the above argument to a; until an atom is
obtained. Let a; = (a},...,a,,) and let b = (a; — a},...,a, —a,). Since a; is a
zero element of a, by (3.1) we can conclude that a; — a; = 0 whenever a # 0. So
a; and b are mutually disjoint zero elements and a = a; @ b. If b is an atom, the
theorem is proved. Otherwise, the above decomposition can be applied to b and its
decomposed elements a finite number of times until a complete atom representation
of a is obtained. O

For any € = (£1,62,...) € {—1,1}>, let €™ = (¢1,...,¢,) and let

DPn = pn(s) = #Zn(e(n))

If © = 3° &;p’, then the components of €™ are the coefficients of x,. By
Lemma 3.1, for all n, we have

(3.3) P = #(Tn)-
Remark 3.3. It is easy to see that (a1,...,a,—1) is a zero element of e®=1) if and
only if (a1,...,an—1,0) is a zero element of e Hence p, > p,_1 for all n > 1.

This in turn explains (2.4).

Lemma 3.4. Let 1/2 < p < 1, and let e™ and p, be defined as above. Then
Pn > DPn_1 if and only if there is an atom a = (ai,...,a,) of €™ such that
an =€en # 0.

Proof. Assume that p,, > p,_1. Since ™ contains more zero elements that &
does, ™) contains a zero element a = (a1,...,ay) for which a,, # 0. Thus a,, = ¢,
by (3.1). Clearly a can be assumed to be an atom by Theorem 3.2. Conversely,
suppose there is an atom a = (aq,...,a,) of e®™ such that a, = e, # 0. By
Remark 3.3, the zero elements of €™ will include at least all zero elements of
e(=1) together with a, so p,, > pr_1. O

n—1)

For any ¢ = (¢1,...,¢,) € {—1,0,1}™ for which ¢; # 0 for at least one index 4,
define

m(c) = min{i: ¢; #0}, and M(c)=max{i: ¢; # 0}.
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For a,b € Z,, we say that a and b are strongly mutually disjoint if either m(a) >
M(b) or m(b) > M (a). It is obvious that strongly mutually disjoint implies mu-
tually disjoint.

If a = (a1,...,ay) is a zero element of ¢ = (c1,...,¢,), let coOa = (¢ —
a1,...,Cn—ay). Let €™ and a be defined as in Lemma 3.4. If p,, > p,_1, then the
final entry of eMsa equals ¢, — a,, = 0. With regard to the computation of zero
elements, €™ o a can be identified as (e1—ay,...,en—1—an—1), for by Remark 3.3
they contain the same number of zero elements.

Lemma 3.5. Let p,e™ and p,, be defined as in Lemma 3.4 and suppose that p, >
Pn—1. Then

k
Pn = Pn-1+ Z #Zn—l(e(n) © ai),
=1

where ay, fori=1,...,k, are all atoms of €™ whose final entries equal €, # 0. If
we further assume that every zero element of €™ is a direct sum of some pairwise
strongly mutually disjoint atoms, then p, = pn—1 + Zle Drm(ay)—1-

Proof. Let a = (ay,...,a,) be an arbitrary zero element of e™  If a,, = 0, then
a can be identified as a zero element of e®™~1). If a,, # 0, then a, = ¢, by (3.1).
Theorem 3.2 and Lemma 3.4 imply that a = b @ a; for some zero element b of
€™ and some atom a; whose final entry equals €,. Obviously b is a zero element
contained in e™ & aj, since b and a; are mutually disjoint. We thus have proved
that any zero element of €™ is either a zero element of ™1 or a direct sum of
a; and a zero element contained in €™ © a;. Hence

k
Pn = Pn-1+ Z #Zn—l(e(n) © ai)'
=1

If we further assume that every zero element of e is a direct sum of some pair-
wise strongly mutually disjoint atoms (this direct sum must be unique, see the
proof of Theorem 3.7), then M(b) < m(a;), so b is a zero element contained in

(€151 Em(ay-1,0,...,0). Therefore p, = pn_1 + Zlepm(ai)_l. |

We will study the forms of zero elements for the case p = (V5 —1)/2, i.e., p
satisfies the equation 1 — p — p? = 0. For the general case in which p satisfying
(1.1), we will indicate the changes needed for these forms. Due to the fact that
p" = p" 4 p"t2 weseethat 0 =1—p—p2 =1—p—p3—pt=1-p—p3—p°—p® =
-+-. Therefore +(0,...,0,1,—1,-1,0,...,0), £(0,...,0,1,—-1,0,—-1,—-1,0,...,0),
+(0,...,0,1,-1,0,—1,0,—-1,—1,0,...,0),..., are zero elements in Z, and contain
no nontrivial zero element, so all of them are atoms. We will show that all atoms
of Z,, are precisely of these forms. Let A,, be the subset consisting of all n-tuples
with the forms as above. More precisely, let

A,={a=%(a1,...,a,): M(a) —m(a) is even, (@) =1,a;=—1 for i=m(a)+1,
m(a)+3,...,M(a) —3,M(a) — 1, M(a), and a; = 0 for all other i}.

Lemma 3.6. Let p = (\/5— 1)/2. For any a € Z,,, either a € A,, or a =a; @ ag
for some strongly mutually disjoint a; € A,, and ag € Z,.
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Proof. Let a = (ay,...,a,). Without loss of generality, assume that m(a) =1 and
a1 = 1. Then

(3.4) Zaipi =p+ Z aip’ = 0.
i=1 i=2

Using 1 — p = p?, for any k > 1 we have
(3.5) > oot =p"/(1=p)=p"2
i=k

It follows that
0> p+axp® =D p'=p+azp® —p=az’
i=3
Hence a2 = —1. Using (3.4) and (3.5) again, we have

0=p—p +Zaipi =p’ + azp® —i—Zaipi > (14 a3)p® — p°.
i=3 i=4
Clearly ag # 1, otherwise the right-hand side above would be strictly greater than
zero. Therefore either a3 = —1 or a3 = 0. First assume that a3 = —1. If M(a) = 3,
then a = (1,-1,—1,0,...,0) € A,; if M(a) > 3, then we can write a = a; @ aq
witha; = (1,-1,-1,0,...,0) € A,, and az = (0,0,0, a4, ...,a,) € Z,. This proves
the lemma. Next, if ag = 0, then

n n—2

(3.6) 0=7p>+ Zaipi = p? (p + Z ai+2pi> )

i=4 i=2
The expression inside the parentheses in (3.6) is of the form (3.4) and equals zero.
Applying the above argument we conclude that ay = —1 and that either a5 = —1
or as = 0. Suppose that as = —1. Then a € A,, if M(a) = 5;if M(a) > 5, thena =
a; ®ag with a; = (1,—-1,0,—1,—-1,0,...,0) € A, and az = (0,...,0,a¢,...,a,) €
Zy,, proving the lemma. If a5 = 0, then

n n—4
0=p3—p4+zami =p* <p+Zai+4pi> .
i=6 i=2
Repeating the same argument a finite number of times we obtain the required
decomposition. O

Theorem 3.7. Let p = (v/5—1)/2. A, is precisely the set of all atoms of Z,. For
any a € Zy, thena = a; Pag®---Dax for some pairwise strongly mutually disjoint
atoms ay,ay,...,ak, where k > 1. Furthermore, this decomposition is unique.

Proof. 1t is easy to verify that members of A, are atoms. Conversely, let a € Z,,
be any atom. Since it contains no nontrivial zero element, Lemma 3.6 implies that
a € A, proving the first statement. Obviously the atom decomposition part is
immediate from Lemma 3.6.

It remains to show the uniqueness. Let a = (ay,...,a,). Suppose that a =
b1 @ bz @ --- @ bj is another such decomposition and assume that both a; and by
contain the entry a;. Write a’ =a; @ ---@ax and b’ =ba & --- @ b;. If a; # by,
without loss of generality, assume that M(a;) < M(by). Since aj is not a zero
element of by (both of them are atoms), hence there is an entry a; of a; and an
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entry b} of by such that a} # 0 and a} # b} (so i < M(ay)). This forces b, = 0,
otherwise by (3.1) we will have b; = a; = a}. This implies that i < M(by1). Note
that a = by @ b’, so there must be an entry b; of b’ such that b; = a; (# 0). So
m(b’) < i < M(by), contradicting the fact that by and b’ are strongly mutually
disjoint. Therefore a; = by. It follows that 8’ =a©&a; =a& by =b’. Applying
the same argument to a’ = b’ a finite number of times, we obtain & = j and a; = b;
fori=1,...,k. O

Remark 3.8. If p is a root of (1.1), then p/ = pi5 37 | p’, for j =0,1,.... There-
fore

s s—1 2s s—1 25—1 3s
0=1-3"p'=1=3p'= > p=1=-3p=> o= > p=--.
i=1 i=1 i=s+1 i=1 i=s+1 i=2s+1

From this it can be shown by a similar argument that the subset
Al ={a=*+(a1,...,a,): M(a) —m(a) is a multiple of s,
Um(a) = 1, a; = —1,for i = M(a) and
i =m(a) + ks + j, where k=0,1,...,(M(a) —m(a))/s — 1 and
j=1,2,...,5s—1, and a; = 0 for all other i}
will precisely consist of all atoms of Z,,. Similarly we have Theorem 3.7, the unique

decomposition of a zero element as pairwise strongly mutually disjoint atoms.
Atoms in A,, have the following two properties which will be used later.

Proposition 3.9. Let p = (v/5—1)/2. Leta = (ay,...,a,) € A,. Suppose a; = 0,
for some i satisfying m(a) <i < M(a). Then i — m(a) is an even integer.

Proof. The proposition can be easily verified from the definition of A,,. O

Proposition 3.10. Let p = (v/5 — 1)/2. Let a and b be two atoms of €™ =
(€1,...,€n) that are not strongly mutually disjoint. Then both M(a) — M(b) and
m(a) — m(b) must be even (or zero).

Proof. By the definition of A,,, it suffices to show that m(a) — m(b) is even (or
zero). Write a = (a1,...,a,) and b = (b1,...,b,). Since a and b are not strongly
mutually disjoint, without loss of generality, assume that a,,) = 1 and that m(a) <
m(b) < M(a) (note that the case m(b) = m(a) or m(b) = M(a) already implies
that m(a)—m(b) is even or zero). By (3.1) and by the structure of atoms we obtain
(3.7) g;=a;,=-1, fori=m(a)+1,m(a)+3,...,M(a)—3,M(a)—1,M(a).
Claim. apmp) # 1.

Actually if a,, () = —1, then by (3.1) we have €,,,(5) = —1, and hence by, () = —1.
It follows that

(38) gi=b;=1, fori=m(b)+1,m(b)+3,...,M(b)—3,M(b)—1,M(b).
It is easy to verify that (3.7) and (3.8) are two contradicting identities. This shows

that ap,n) = —1 is impossible. Therefore a,,,) = 0, and m(b) — m(a) must be
even by Proposition 3.9. O

Before closing the section we prove that the local dimension will be unchanged
under the shift operator. Fix any = € [—¢, ], then = can be obtained by applying
the shift operator to any point in E(z) (defined by (1.2)) a finite number of times.
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Consequently, the measure p will have the same local dimension value at every
point in F(z).

For any x = > 2, €;p’, where ¢; = %1, define the shift operator o by oz =
doiciit1p’
Lemma 3.11. Let p = (v5—1)/2. For any x € [~£,£], we have d(u, x) = d(p, ox)
and d(p, x) = d(p, o).

Proof. Let the components of € = (g1,&2,...) be the coefficients of x, and let the
components of ce = (€2,€3,...) be the coefficients of oz. Obviously, for any n we
have

(3.9) pn(o€) < ppti(e).
On the other hand, any zero element of (1) = (€1,€2,...,En41) is either a zero
element contained in (0e)™ = (g9,€3,...,6,41) Or a zero element containing e .

By Proposition 3.10, the number of atoms in €™+ containing €, is less than n/2.
So

L1 (™) < Z,,((0€)™) + nZy ((0€)™) /2.
In other words, we have for all n

(3.10) Pusi(€) < (1+n/2)pa(oe).
On the other hand, Lemma 3.5 implies that

pn(0€) < ppyi(oe) < pu(oe) + npp(oe)/2 = (1 4+ n/2)p,(ce).
This together with (3.9) and (3.10) imply that

log pn+1(o€) and log pn+1(€)
n+1 n-+1

have the same lower and upper limit. The lemma thus follows from (3.3) and
Lemma 2.6. |

Corollary 3.12. Let p = (v/5 —1)/2. For any x € [—£,{], let E(x) be the dense
subset of [—¢, €] defined by (1.2). Then d(u,z) = d(p,x) and d(p, 2) = d(u, ) for
every z € E(z).

Remark 3.13. The upper and lower local dimension in Corollary 3.12 cannot be
replaced by upper or lower a-density. This is justified by the following simple
example.

Let 2 = —p+ > ooy p'. Then oz = 377, p’. It is proved in Theorem 2.3 that

1 has a positive a*-upper and a*-lower density at oz, where o™ = — %Sgﬁ. The co-
efficients of x are the components of e = (—1,1,...,1,...). For every odd integer

n, ™ = (=1,1,...,1) contains the following (n —1)/2 atoms: (—1,1,1,0,...,0),
(-1,1,0,1,1,0,...,0), (~1,1,0,1,0,1,1,0,...,0),...,(~1,1,0,1,0,1,...,0,1,0,
1,1). From Remark 3.3 we see that p,(g) — oo, as n — oo. It follows that

lim pun (£, (14 0p"))/p"" = lim 27" () /27" = lim pu(e) = 0.

n—oo n—o0

By Lemma 2.1, we obtain lim, o+ u((z, 7"))/7"0‘* = 00.
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4. THE MINIMUM VALUE OF d(u, )

For any € = (e1,e2,...) € {-1,1}*, let J(e) = {n: po(e) > pn-1(e),n =
2,3,...}. If j € J(e) is not the smallest index, denote j/ = max{n € J(e): n <
j}. Based on Lemma 3.5, we can derive the following more concrete recurrence
equations and inequalities for computing p,, = p,(€).

Lemma 4.1. Let p = (v/5 —1)/2, and let € be defined as above. For any j € J(¢)
which is not the smallest index, let i = j' and let ¢ = j —i. We have

(i) ¢ >2.
(i) Suppose that q is odd. If ¢ = 3, then p; = 2p;. If ¢ > 3, then p; < (¢+1)p;/2.
(iii) Suppose that q is even and ¢, = —¢;. If ¢ =2, then pj = p; +pi—2. If ¢ > 2,
then pj < qpi/2+ pi—2.
(iv) Suppose that q is even and €; = €;. If ¢ = 2, then p; = 2p; — pi—2; if ¢ > 2,

then p; < (q/2 4+ 1)p; — pi—2.

Before going through the technical proof, we give two examples for case (iii) as an
illustration. Let € be defined in such a way that €¢® = (1, -1, —1,1,1). Then &(®
contains two nontrivial atoms: a; = (1,—1,—1,0,0) and az = (0,0,—-1,1,1). By
Lemma 3.4,i =3 € J(g), j =5 € J(g), and ¢ = 2. Since a; and ap cannot form a
direct sum, the zero elements of €(®) include: the unit zero and a; (these two come
from the zero elements of (®)) and ay (this one can be considered as the direct sums
of ap and the zero element of €(?)| i.e., the unit zero). So ps = p3 + p2 = ps + p1.

If & is defined so that e(™ = (1,-1,-1,1,-1,1,1), then e(?) contains three
nontrivial atoms: a; = (1,-1,—-1,0,...,0), az = (0,...,0,—1,1,1) and ag =
(0,0,—1,1,0,1,1). Note that the final entries of ap and ag are equal, so we have
only i =3¢ J(e) ad j =7 € J(g). Thus ¢ =4 > 2. Since a; and ag cannot form
a direct sum, the zero elements of e(7) come from either the zero elements of (3,
or the direct sums of the zero elements of €(®) with ay (total number equals p3), or
the direct sums of the zero elements of e(2) with ag (total number equals ps). So
p7 = p3 + p3 + p2 = 2ps + p1. If the fifth entry of (™ is 1 instead of —1, then &(7)
contains only a; and ag as nontrivial atoms and, similarly, p; = ps +p2 < 2ps + p1.

Proof of Lemma 4.1. As before, let €™ = (e,...,e,). Since i,j € J(e), by

Lemma 3.4 and by the structure of atoms, there are two atoms a = (aq,...,aq;)
and b = (by,...,b;) of e® and e, respectively, such that

(4.1) ap=¢p=¢; 20, fork=m(a)+1,m(a)+3,...,i—3,i— 1,4,

and

(4.2) by =cr=¢;#0, for k=m(b)+1,m(b)+3,...,5—3,7—1,j.

In particular, M(a) =i and M(b) = j.

If ¢ =1, then M (b)—M (a) = 1, so a and b cannot be strongly mutually disjoint,
which contradicts Proposition 3.10. Therefore ¢ > 2. This proves (i).

Note that (l) implies that Pj—1 = Pj—2 = Ds-

If ¢ is odd, by Proposition 3.10, a and b must be strongly mutually disjoint, so
m(b) > i+ 1. If ¢ = 3, then m(b) =i+ 1 and b = (0,... ,O,bi+1,bi+2,bj) is the
only atom of e¥) whose final entry equals gj. By Lemma 3.5, pj = pj—1+DPmpb)-1 =
Pi +Piit1)—1 = 2pi. If ¢ > 5, note that j —m(b) = M(b) —m(b) must be even for
b € A; and that i +1 < m(b) < j — 2. Therefore the total number of such b’s is
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not greater than [(j —2) — (i +1)]/2+1 = (¢ —1)/2. Applying Lemma 3.5, we get
pj < pj-1+(¢—1)pi/2 = (q+ 1)pi/2. This proves (ii).

For the rest of the proof we assume that ¢ is even.

Suppose that e; = —¢;. We first claim that m(b) > i. Actually if m(b) < ¢
(< j = M(b)), then either 7 or (i — 1) is in the set of indices {m(b) + 1, m(b) +
3,...,7—3,7—1}. Without loss of generality, assume that (i — 1) is in this set. By
(4.2), €51 = bji—1 =¢;. But (4.1) and the assumption imply that ,_; = ¢; = —¢;.
The contradiction shows that m(b) > 1.

If g =2, then b = (0,...,0,b;,b;41,b;) will be the only atom of e whose
final entry equals €;. By Lemma 3.5, p; = p; + pi—1 = p; + pi—2. Suppose that
g > 4. Since i < m(b) < j— 2 and j — m(b) must be even, the total number
of such b’s is not greater than [(j — 2) —i]/2 4+ 1 = ¢/2. Among them, at most
one satisfies m(b) = ¢, while the rest satisfy m(b) > ¢. This implies that p; <
pi+pi-1+ (q/2 = 1)p; = qpi/2 + pi—z. This proves (iii).

Suppose that ¢; = €;. Since b € A, by definition, b,,(,) = —b; = —¢;. We first
show that

(4.3) m(b) #i—1 and m(b) #i.

In fact, if m(b) = ¢ — 1, by (4.1) and (3.1), it follows that e; = £;_1 = b;—1 = —¢;.
This contradicts the hypothesis €; = ;. Similarly it can be shown that m(b) # 1.

Suppose that ¢ = 2, then m(b) < j —2 = i. Thus m(b) < i—2. If a =
(a1,...,a;) is an atom satisfying (4.1), by (3.1), &; = ¢; implies that a; = b;; hence
(a1,...,a;-1,0,bj_1,b;) is an atom satisfying (4.2). Similarly if b = (b1,...,b;)
is an atom satisfying (4.2), then (b1,...,b;_3,a;) is an atom satisfying (4.1). So
both e and €U) contain the same number of atoms whose final entries equal 5,
denoted respectively by a,, and b, forn=1,..., N. We can actually assume that
m(a,) = m(by), forn=1,..., N. Using Lemma 3.5 we conclude

N N
Pi=Pi+ Y Pmby-1=Di+ P Pm(an-1 =i + (pi — pi-2) = 2pi — pi—2.

n=1 n=1

Suppose that ¢ > 4. The b’s satisfying (4.2) can be exactly divided into two
classes. Class A consists of those with m(b) < i—2 and class B consists of those with
m(b) > i—2. First consider the case in which m(b) < i—2. Since j—i is even, (4.2)
isvalid for k=4i—1,i4+1,...,j—3,5—1. Soifa = (a1, ..., a;) is an atom satisfying
(4.1), by the same reasons as for the case ¢ = 2, (a1,...,a;-1,0,bit1,...,b;) is an
atom satisfying (4.2). Similarly if b = (by,...,b;) is an atom satisfying (4.2), then
(b1,...,bi—1,a;) is an atom satisfying (4.1). It follows that

N
Z Pm(®)-1 = Z Pm(an)-1>
n=1

beA

where a,,, for n = 1,..., N, are all atoms of ) satisfying (4.1). If m(b) > i — 2,
then by (4.3), m(b) > 4. Since both j — ¢ and j — m(b) are even, m(b) — ¢ is even
and hence i + 2 < m(b) < j — 2. Thus the total number of such b’s is not greater
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than [(j —2) — (¢ +2)]/2+ 1 = ¢/2 — 1. Applying Lemma 3.5, we conclude that

N
Pi=Pit+ > Pui)-1+ P Pmy-1 <Pi+ P Pman-1+ (@/2 - 1)p;
be A beB n=1
=pi+ (pi —pi—2) + (¢/2 = V)pi = (¢/2 + 1)p; = pi—2. O
Let F,,, for n = 0,1,..., be the Fibonacci sequence, i.e., F; = Fy = 1 and
Foy1=F,+F,_1,forn=1,2,.... It is known that the solution to this recurrence
relation is
(4.4) E, = [6~FD — (—§)"*1)//5, where § = (V5 —1)/2.

Lemma 4.2. Let p = (/5 —1)/2, and let € = (¢1,¢9,...) € {—1,1}>®. Then for
j € J(e) and for k > 1, the following hold:
() Ifejioi = €jraim1 = (—1)'ey, fori=1,... .k, then pjior = Fipj+ Fy—1pj—2.
(i) If Ej+2i+1 = €j+2i = (—1)Z5j+1; Jori=1,... k, then pjiop+1 = Fri1p;.
(i) If €jpit1 = (—1)'ejq1, for i = 1,2,...,2k — 1, and €jqor+1 = €j42k, then
Pit2k+1 = (k+ 1)p;.
Moreover, (ii) and (iii) are still valid for j = 0 if we define po = 1.

Proof. We first show (i). It is easy to see that (j + 2i) € J(e) for i = 1,...,k.
Repeatedly applying (iii) of Lemma 4.1 gives pj+o = p; + pj—2 = Fip; + Fopj—2,
Pj+a = Pjr2 +pj = Fopj + Fipj_2,...,Djrok = Pjiok—2 + Djrok—a = Frpj +
Fy_1pj—s.

For (ii), since j € J(e), by (i) of Lemma 4.1, (j+1) & J(e). Clearly (j+2i+1) €
J(e) for i =1,..., k. Applying (ii) and (iii) of Lemma 4.1, we obtain p;,3 = 2p; =
Fop; (if 7 = 0, then p3 = 2 = Fapo), pj+5 = pj+s +Pj = F3pj,- .., Djtakt1 =
Djr2k—1 + Djrox—3 = Fri1pj.

To show (iii), note that the final two nonzero entries of any atom must be equal,
therefore ¢ & J(e) for i = j+1,5+2,...,j + 2k, and clearly (j + 2k + 1) € J(e).
An argument similar to the one used in the proof of (ii) of Lemma 4.1 shows that
(€j+1,€j42; - - -, Ej+2k+1) contains exactly k atoms whose final entries equal €241,
80 pjrakt1 = pj + kpj = (k + 1)p;. 0

Lemma 4.3. Let p = (v/5 — 1)/2. For any w € {—1,1}>, there exists T =
(11,72,...) € {—1,1}* having the following two properties:
(a) The smallest index of J(7) is 3. For all other j € J(T), we have j — j' = 2

or3 and T, = —Tj.
(b) pi(7T) > pi(w) foralli=1,2,....

Proof. We will use the pattern (i) or (ii) of Lemma 4.2 to define (7q,72,...). Let
71 = 1. If the smallest index m in J(w) equals 2k + 1 (> 3), then let 79;41 =
T2; = (—1)i, for i = 1,...7]6 (lf m = 2]6, let T2 = 1, T2i4+2 = T2i+1 — (—1)i, for
i=1,...,k—1). In general, suppose that (71,...,7;) is defined for any j € J(w).
If] — jl = 2n + 1, we let Tj'41 = Ty and let Tj'42i+1 = Tj/42i = (_1)1’le+1 for

1= 1,...,TL (1f] —jl = 2n, we let Tj' 421 = Tj'42i—1 = (—1)i7'j/ for i = 1,...,n).
Define 7 = (71,72, ...). From the construction of 7, we see that the smallest index
of J(7) is 4 if m is even and is 3 if m is odd. In addition, 7; = —7; and j —j’ < 3

for all other j € J(7). So (a) holds except possibly when the smallest index of J(7)
is 4. In this case, let o7 = (72, 73,...) be the shift of 7. Then o7 satisfies (a) and
pit1(o7) > pi(o7) = piy1(7) for all i. Hence, if 7 satisfies (b), so does o7.
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We show (b) by induction. If ¢ < m, then p;(7) > 1 = p;(w). Consider i = m.
Suppose that m = 2k+1. By (ii) of Lemma 4.2, p,,(7) = Fj+1. Using an argument
similar to that in the proof of (ii) in Lemma 4.1, we have p,,(w) < k+1 (if m = 2k,
then p,,(7) = Fy, and py(w) < k). So pp(7) > pm(w). Thus (b) is true for all
t < m. Suppose that (b) is true for all i <n —1, where n—1 > m. If n & J(w), by
the induction hypothesis, p,(w) = pp—1(w) < pp—1(7) < pn(7), and (b) follows. If
n € J(w), let n’ = max{k € J(w): k < n}. Since J(w) C J(7) by the construction
of 7, we have n € J(r) and n’ € J(71).

Case 1. n—n' =2j+ 1. By applying (ii) of Lemma 4.2, the induction hypothesis
and (ii) of Lemma 4.1 we obtain
Pu(7) = Fipapn (1) 2 (G + Dpw (7) 2 (G + 1)pn (@) = pr(w).
Case 2. n—n' = 2j. Part (i) of Lemma 4.2 implies
Pu(T) = Fjpw (7) + Fj1pn—2(7).
On the other hand, applying (iii), (iv) of Lemma 4.1, we have

Pu(w) < max{jpn (W) + pw—2(w), (j + 1)pw (W) — prr—2(w)}-
It is clear that p,(7) is greater than the first term inside the braces, so we only
need to show that p,(7) > t, where t = (j 4+ 1)pn (W) — pn/—2(w) is the second term
inside the braces. This can be proved by two subcases.

Subcase 1. n' is the smallest index in J(w), i.e., n’ = m. Then

. G+Dk+1) -1, ifm=2k+1,
t=(+ Dpm(w) — 1<
U+ Lpm () {(j+1)k—1, it m = 2k,

and
Fij—H + Fj_le, ifm=2k+1,

n :F m +F— m— =
D (7-) ip (‘r) j—1D 2(‘1') {Fij—f—Fj—le—la if m = 2k.

A routine check shows that p,(7) >t for all positive integers j and k.

Subcase 2. n' > m. By (a) we see that either (n’ —2) € J(7) or (n' —3) € J(7).
Using Lemma 4.1, if (n’ —3) € J(7), then p, (7) = 2pn—3(7) = 2pp—2(7); and if
(n' —2) € J(7), then pu/ (7) = pr/—2(7T) + Prr—a(T) < 2pp—2(7). In any case, we
obtain ppr—o(7) > pp/(T) — pr—2(7). Therefore

Pa(T) 2 Gpw (T) + prr—2(T) = (G + Dpp (T) = ppr—2(7) 2 ¢ O
Theorem 4.4. Let p = (v/5—1)/2. The minimum value of the lower local dimen-
sions d(u,x), © € [—£,(], is given by a, = —1/2 — logﬁ ~ 0.9404. Furthermore,

log

0 < lim, o+ pu(I(z,7))/r® <Tlim,_o+p(I(z,7))/r% < 0o for every point z in the
dense subset E(p*/(1 — p*)) of [—£, ], where E(p*/(1 — p*)) is defined by (1.2).

Proof. Let &1 = 1, and let eop = eopy1 = (—1)%, for k = 1,2,.... Define € =
(e1,€2,...) and define

Z:Zf‘fipi <:Zp4i:p4/(1_p4)> )
i=1 i=1

We will show that the point z and the sequence ny = 2k + 1, k = 1,2,... satisfy
(i), (ii) and (iii) of Lemma 2.4. Clearly for k =1,2...,(2k + 1) € J(e) and by (ii)
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of Lemma 4.2, por11(€) = Fiy1. We first show that z satisfies (ii) of Lemma 2.4.
By (3.3), it suffices to show that for any w € {—1,1}° we have

(4.5) pokt1 (W) < pagyi(e), fork=1,2,....

Let 7 = (1q,72,...) € {—1,1}*, depending on w, be defined as in Lemma 4.3.
Then (4.5) will follow if we can show that

(4.6) por+1(T) < Frqq, fork=1,2,....

Since the smallest index of J(7) is 3, it follows that p3(7) = 2 = F5. Let k > 1
and consider the sequence (74,75,...,Tok41). If i —i = 2 for all i € J(r) with
5 < i < 2k+1, then (4.6) follows from (ii) of Lemma 4.2. Otherwise, by (a) of
Lemma 4.3, there are some indices ¢ € J(7) for which i — i’ = 3. Without loss of
generality, assume that the total number of such indices is even (the proof is similar
if this number is odd). Actually we can further assume that this even number is two,
and that one such index equals 6 and the other one equals 2k+-1; the other cases can
be easily proven by induction. Under these assumptions, (77, 7s, . .., Teg—2) satisfies
i—1i =2forallie J(r) with 8 <4 < 2k — 2. Using (i) of Lemma 4.2 and (ii) of
Lemma 4.1, we get

P2ar—2(T) = Flor—8)/206(T) + Florp—g)/2—103(T) = (2Fk—a + Fr—5)p3(T) = 2F} 2.
Therefore
Por1(T) = 2pop—2(T) = 4Fp 2 < Fiy1.

This proves (4.6). On the other hand, if o, = —1/2 — }ggi, then 2p® = p~1/2. By
using (4.4) and noting that 6 = p, we obtain

p2k+1(5)/(2pa*)2k+1 — Fk+1/p—k—l/2 — [6—(/64—2) _ (—6)k+2]/\/56_k_1/2.

2k+1

Hence 0 < limg_,o0 par+1(€)/(2p%)
it follows that

< oo. By applying (3.3) and Lemma 2.4,

0< lm p(I(,r)/r™ < T p(I(z)) /5 < o0
T‘—>O+ T
and that a, is the minimum value of the lower local dimensions. Now let y =
Yoo wipt € E(pt/(1 — pt)). By (1.2), there exists a fixed integer N such that
wnii =¢; foralli=1,2,.... Applying the above argument, it is not hard to verify
that conditions (i)—(iii) of Lemma 2.4 are all satisfied by y and the sequence N+2k+
1, k=1,2,.... Therefore 0 < lim,_o+u(I(y,7))/r* < Tlim,_orpu(I(y,r))/r <
00. O

By using the atom decomposition of a zero element (Remark 3.8) and the argu-
ments of this section, Theorem 4.4 can be generalized to the case in which p is a

root of (1.1). In fact, let €1 = 1, €shi2 = €aky3 = **+ = Eshp(s41) = (—1)*+1 for
k=0,1,.... Define z = 3372, g;p" (= (p°72 4 p*F2 + - 4 p*) + (p*F2 4 p13 ¢

#(2skt1) = Frta
of z. Also for a,

#(xsy1) for any z € [—£,£] and for any series representation
—Jogd o2 "where § = (y/5 —1)/2, we have 2p% = §1/5,

slogp logp’
This implies 0 < limg_ oo #(zskr1)/(2p%)**+1 < 0o. Hence we have proved the

following:

v
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Theorem 4.5. If p is a root of (1.1), then the minimum value of the lower lo-

cal dimensions d(p,x), © € [—£, ], is given by a, = —% — %, where § =

(v/5 —1)/2. Furthermore, 0 < lim , o+ pu(I(2,7))/r% < Tim,_g+ u(I(z,7))/ro <
oo for every point z in the dense subset E((p*t? 4+ p**3 + -+ + p?%)/(1 — p*))
(defined by (1.2)) of [—¢,1].

5. OTHER VALUES OF d(u, )

For z = Y 2 eip’, where ¢; = (—1)%, it follows that #(z,) = 1 for all n.
Thus d(p,z) = o* (Theorem 2.3). If e9; = e9;41 = (—1)%, then d(u,2) = a.
(Theorem 4.4). In this section, we will suitably arrange the two patterns to define
(e1,€2,...) so that d(u,z) = a for any a, < o < o*. On the other hand, we also
give other arrangements so that d(u,2) < a1 < az < d(u,z) for any a. < a; <
as < o,

Lemma 5.1. Let (uj,us,...) and (vi,ve,...) be two sequences of real numbers
such that v; > 0 for all i and Zfil v; = oo. Iflim; o u;/v; = L, then

ili{fgo(z u)/(Y_v;) = L.
j=1 j=1
Proof. The lemma can be easily proven by a standard € — N argument. O

Lemma 5.2. Let C > 0 be any constant and let 0 € (0,C). Then there is an
integer j(0) such that for every j > j(0) there exist a pair of odd integers u; > 1
and v; > 1 such that u; +v; = 25 and
logu; + Cv;
Uj + v
Proof. Choose j(0) such that (log2j)/2j < 6 < C(1 — 1/2j) for all j > j(0).
Now f;(z) = (logz + C(2j — z))/2j, for j > j(#), is a continuous function with
fi(1) = C(1 —1/24) and f;(2j) = (log2j)/2j, so there is z; € [1,2j] such that
fi(xz;) = 0. Let u; € 3,25 — 3] be an odd integer satisfying |u; — z;| < 4 and let
v; = 2j —u;. Then u; > 1 and v; > 1. We have

9l <201+ 0)/j.

% - 9' = [fi(ug) = 6] = [f5(u;) — f(x;)]
= [logu; —logx; + C(z; — u;)|/2j
S+ O)wj —u;l/25
(since |logu — logv| < |u — v| for u,v > 1)

<201+0)/j. O

Theorem 5.3. Let p= (/5 —1)/2, o, = —1/2 — 1282 4 o = — 1082

log p logp”
(i) For every o, < a <, there exists z(a) € [0, €] such that d(u,z) = « for
every point z in the dense subset E(z(a)) of [—£,£], where E(z(«)) is defined
by (1.2).
(il) For any a. < a1 < az < oF, there exists z(aq, ) € [—£,¢] such that
d(p, 2) < a1 < az < d(u, 2) for every point z in the dense subset E(z(a1, az))
of [-£, €], where E(z(a1,az)) is defined by (1.2).
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Proof. By Corollary 3.12 it suffices to show, respectively, that (i) and (ii) of the
theorem are true for some point z € [—¢, £]. Let k;, for i = 1,2,..., be a sequence
of odd integers (> 3) which will be determined later. Let ng = 0. For ¢ = 1,2, ...
let

)

4
n; = E kj.
j=1

Define a sequence € = (g1,é2,...) € {—1,1}> as follows. For ¢ = 0,1,..., fixed
eni+1 = 1. If i is even (including 0), then let (€,,41,€n,42+---sEn;+ki,) have
the pattern as in (ii) of Lemma 4.2, i.e., let £, 4011 = p,42; = (—1)7, for j =
1,...,(ki+1 —1)/2. If i is odd, then let it have the pattern as in (iii) of Lemma 4.2,

i.C., let Eni+j+1 = (—1)j, fOI‘j = 1,. "7ki+1 — 2, and let Enitkipr — Enitkipi—1-
Define
(5.1) z = Zsipi.
i=1
It is clear that n; € J(g), for ¢ = 1,2,.... Applying (ii) and (iii) of Lemma 4.2,

we conclude that p,, (€) = Fii,11y/2 and pp,(€) = F(i,41)/2Pn;_, (€) if i > 1/is odd,
and pp, (e) = (k; + 1)pn,_,(€)/2 if i is even. So, for i =1,2,..., we have

(52) Prai_y (5) = Pny (5) H F(k2j71+1)/2(k‘2j_2 + 1)/27
j=2
and
(53) Pna; (6) = H F(k2j71+1)/2(k.2j + 1)/2
j=1

We first show (i). Without loss of generality, assume that a, < a < a*. There
exists a 6 € (0, —(log 6)/2), where 6§ = p, such that (6 — log2)/logp = a. Let j(6),
u; and vj, for j > j(6), be determined as in Lemma 5.2 with C' = —(log §)/2, and
let koj_1 = vj, koj = u; for j > j(0). If j < j(6) then let ko;_; and ka; be any odd
integers so that ka; + k2;—1 > 27. Then we have

(5.4) lim i/ng; = lim i/ Y (kaj + kgj—1) < lim i/ Y 2§ =0.
71— 00 11— 00 le 11— 00 le

From (5.3), (5.4) and (4.4) we have

lim 1087 na) _ ) 108Pnai (€)
1—00 no; 1—00 no;
5.5 i
(5:5) o > j—1llogka; — (log 6)kzj—1/2]
71— 00 Z;‘:l(k2j + k2j—1)

Replacing the constant C' with —(log 6)/2 in Lemma 5.2, we get
Jfim [logka; — (log )kzj—1/2]/ (haj + kaj-1) = 0.

This, together with Lemma 5.1, implies that the limit in (5.5) equals §. On the
other hand, by (5.4), lim; .o n2i/No(i—1) = lim; oo (1 + 2i/n2;—1)) = 1. Applying
Corollary 2.7, we obtain d(u, z) = (0 —log2)/logp = a.
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We now show (ii). For ¢ = 1,2, there exist 6; € (0,—(log6)/2) such that (6; —
log2)/logp = «;. Notice that 8 < 6; since logp < 0. Choose an odd integer m
(> 3) satistying —(log6)/2(m + 1) < 02 < 61 < —m(log6)/2(m + 1). Let z be
defined by (5.1) such that k; = m’ for j =1,2,.... By (5.3) we have

log #(zn) _ (. 1ogpn(e) _ | 108Pns(€)

lim lm S

n—o0 n n—o00 n 1—00 n2;
- Z;:l [logm? —m2~1(log6)/2]
oo 231:1 mJ

—(log8)/2(m + 1) < 5.
Similarly, (5.2) implies that

o log #(zn) log pn,,_, (€)
m — -

n—oo n 71— 00 Nno;i—1
i 2j—1
—logd .. D j_om¥
=9 lim %i-1__;
oo i, md

= —m(logé)/2(m+ 1) > 6;.

> lim

By using Lemma 2.6, we obtain d(u, 2) < a1 < as < d(u, 2). O

Remark 5.4. Tt can be verified that Theorem 5.3 remains valid when p is a root of
(1.1).

Finally, we give a computation for the local dimension at z = 0. Represent z as
Yoo eip” with coefficients e; = £1 chosen as

e=(1,-1,-1,1,-1,—-1,1,—-1,-1,...,1,-1,-1,...).

Here every underlined triple corresponds to an atom. By Lemma 3.4, 3i € J(g) for
all 7. Repeatedly using (ii) of Lemma 4.1, we obtain #(zs,) = ps,(e) = 2™. So

lim log #(x3,) log?2
n—oo 3n R
By using Corollary 2.7, we have d(u,z) = —(2log2)/(3log p) ~ 0.9603. By Corol-

lary 3.12; this dimension value is valid for all points in the set E(0) defined by
(1.2).
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